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Abstract
In the first part of this paper we show how a simple system, a 2-dimensional quantum
harmonic oscillator, can be described in terms of pseudo-bosonic variables. This appar-
ently strange choice is useful when the natural Hilbert space of the system, L2(R2) in this
case, is, for some reason, not the most appropriate. This is exactly what happens for
the D2 type quantum Calogero model considered in the second part of the paper, where
the Hilbert space L2(RN ) appears to be an unappropriate choice, since the eigenvectors
of the relevant hamiltonian are not square-integrable. Then we discuss how a certain
intertwining operator arising from the model can be used to fix a different Hilbert space
more useful.
I Introduction
In a series of recent papers we have investigated some mathematical and physical aspects of the
so-called pseudo-bosons, see [1] for a recent review. They arise from the canonical commutation
relation [a, a†] = 1 upon replacing a† by another (unbounded) operator b not (in general)
related to a: [a, b] = 1 . We have shown that N = ba and N † = a†b† can be both diagonalized,
and that their eigenvalues coincide with the set of natural numbers (including 0), N0. However
the sets of related eigenvectors are not orthonormal (o.n.) bases, while they turn out to be
automatically biorthogonal . In most of the concrete examples considered so far, they are bases
of the Hilbert space of the system, H, and, in some cases, they are also Riesz bases . In [2] our
original framework has been extended in order to include in the treatment also non self-adjoint
operators with more elaborate spectra, i.e. with eigenvalues not necessarily coincident with the
natural numbers, while in [3] we have considered the same problem from an algebraic point of
view, constructing, in particular, the partial *-algebra arising from a and b.
In a recent paper, [4], the authors have shown how theDN type quantum Calogero model can
be mapped, via a similarity transformation, into a system of N decoupled quantum harmonic
oscillators (QHOs). However, in order to deduce the eigenvectors of the original hamiltonian,
a serious problem appears: they do not belong to L2(RN). For this reason, they propose a
possible way out by considering suitable symmetrized wave-functions and showing that these
are o.n. with respect to a different scalar product. Similar problems already appeared in older
papers, regarding other types of Calogero models (AN−1 and BN , for instance, in [5] and in
references therein).
In this paper, we will consider a similar approach, but we justify our proposal by a prelim-
inary analysis of a two-dimensional QHO. This is related to the possibility of being interested
to functions, exactly as it happens for the Calogero model, which do not belong to L2(R2) but
to some different Hilbert space. Moreover we show that, with this choice, we end up with a
simple o.n. basis and that the hamiltonian H˜D, see Section IV, which is not self-adjoint in
L2(R2), becomes self-adjoint (at least formally) in the new Hilbert space.
This paper is organized as follows: in the next section we briefly review few facts on two-
dimensional pseudo-bosons. In Section III we show how they can be used, and why, in the
analysis of a two (or more)-dimensional QHO. In Section IV we write the D2 type quantum
Calogero model in terms of pseudo-bosonic operators and we discuss the problems arising and a
possible solution. Our conclusions are given in Section V. The appendix contains some technical
results.
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II The commutation rules
Let H be a given Hilbert space with scalar product 〈., .〉 and related norm ‖.‖. We introduce
two pairs of operators, aj and bj , j = 1, 2, acting onH and satisfying the following commutation
rules
[aj , bj ] = 1 , and [a
♯
1, a
♯
2] = [a
♯
1, b
♯
2] = [b
♯
1, b
♯
2] = 0, (2.1)
where x♯ stands for x or x† (x = aj , bj). Of course, they collapse to the CCR’s for independent
modes if bj = a
†
j , j = 1, 2. It is well known that aj and bj cannot be defined on all of H.
Writing D∞(X) := ∩p≥0D(Xp) (the common domain of all the powers of the operator X), we
consider the following:
Assumption 1.– there exists a non-zero ϕ0,0 ∈ H such that ajϕ0,0 = 0, j = 1, 2, and
ϕ0,0 ∈ D∞(b1) ∩D∞(b2).
Assumption 2.– there exists a non-zero Ψ0,0 ∈ H such that b†jΨ0,0 = 0, j = 1, 2, and
Ψ0,0 ∈ D∞(a†1) ∩D∞(a†2).
Under these assumptions we can introduce the following vectors in H:
ϕn,l =
1√
n!l!
bn1 b
l
2 ϕ0,0 and Ψn,l =
1√
n!l!
(a†1)
n(a†2)
lΨ0,0, n, l ≥ 0. (2.2)
Let us now define the unbounded operators Nj := bjaj and Nj := N
†
j = a
†
jb
†
j , j = 1, 2. It is
possible to check that ϕn,l belongs to the domain of Nj , D(Nj), and that Ψn,l ∈ D(Nj), for all
n, l ≥ 0 and j = 1, 2. Moreover,
N1ϕn,l = nϕn,l, N2ϕn,l = lϕn,l, N1Ψn,l = nΨn,l, N2Ψn,l = lΨn,l. (2.3)
Under the above assumptions, and choosing the normalization of Ψ0,0 and ϕ0,0 in such a
way 〈Ψ0,0, ϕ0,0〉 = 1, it is easy to check that
〈Ψn,l, ϕm,k〉 = δn,mδl,k, ∀n,m, l, k ≥ 0. (2.4)
This means that the sets FΨ = {Ψn,l, n, l ≥ 0} and Fϕ = {ϕn,l, n, l ≥ 0} are biorthogonal and,
therefore, the vectors of each set are linearly independent. However, they are not necessarily
complete in H. Hence, this is something to be assumed:
Assumption 3.– FΨ and Fϕ are bases of H.
Let us now introduce the operators Sϕ and SΨ via their action respectively on FΨ and Fϕ:
SϕΨn,k = ϕn,k, SΨϕn,k = Ψn,k, (2.5)
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for all n, k ≥ 0, which also imply that Ψn,k = (SΨ Sϕ)Ψn,k and ϕn,k = (Sϕ SΨ)ϕn,k, for all
n, k ≥ 0. Hence, at least if Sϕ and SΨ are bounded,
SΨ Sϕ = Sϕ SΨ = 1 ⇒ SΨ = S−1ϕ . (2.6)
In other words, both SΨ and Sϕ are invertible and one is the inverse of the other. Furthermore,
we can also check that they are both positive, well defined and symmetric, and they can be
written, formally, in the bra-ket notation as
Sϕ =
∞∑
n,k=0
|ϕn,k >< ϕn,k|, SΨ =
∞∑
n,k=0
|Ψn,k >< Ψn,k|. (2.7)
These operators are both bounded if and only if FΨ and Fϕ are Riesz bases, [6]. In this case
the pseudo-bosons have been called regular. We conclude this short review by recalling that the
following interesting intertwining relations among non self-adjoint operators, are automatically
satisfied:
SΨNj = NjSΨ and Nj Sϕ = SϕNj , (2.8)
j = 1, 2. These are related to the fact that: (i) Nj and N
†
j have the same eigenvalues; (ii) their
eigenvectors are related by SΨ and Sϕ as in (2.5).
III The QHO
In view of what we will do in the next sections, we consider here a multi-dimensional QHO1 in
terms of pseudo-bosonic operators. Of course, in principle, there is no reason a priori to replace
ordinary canonical commutation relations with something like (2.1). However, it may happen,
and this is exactly what happens in Section IV, that for some reason we need to act on some
particular square integrable functions with unbounded operators which bring these functions
outside of H = L2(R2). This suggests that L2(R2) may not be the right Hilbert space. For
this reason we consider the following question: what does it happen if we consider the two-
dimensional QHO in a Hilbert space Hπ which is not necessarily L2(R2)? In particular, we will
consider here Hπ = L2(R2, eπ(x1,x2)dx1 dx2), where π(x1, x2) ≤ 0 almost everywhere (a.e.) is a
function still to be fixed. The scalar product in Hπ is
〈f, g〉π :=
∫ ∫
R2
f(x1, x2) g(x1, x2) e
π(x1,x2)dx1 dx2,
1As a matter of fact, we will only consider a two-dimensional case, since adding dimensions to the system
does not change significantly our main results.
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for all f, g for which this integral makes sense. For instance, later on we will take π(x1, x2) =
− 1
2
ω(x21 + x
2
2), for a given positive ω. With this choice, as well as for any other choice of
non positive π(x1, x2), it is clear that Hπ ⊃ H, so that many functions which are not square-
integrable, can still be treated as elements of Hπ. This is the situation we are interested in,
here. The price we have to pay, how we will discuss in details, is that the orthonormality of
the standard set of eigenvectors of the hamiltonian of the oscillator, h, is lost, as well as its
self-adjointness. This is due to the fact that in Hπ the adjoint, ∗, does not coincide with that
of H, †. In fact, calling 〈., .〉 the scalar product in H, they satisfy different rules:
〈Af, g〉 = 〈f, A†g〉 , and 〈Af, g〉π = 〈f, A∗g〉π ,
whenever these quantities are defined. Then, the position and the momentum operators satisfy
the following: x†j = xj = x
∗
j , while pj = p
†
j but p
∗
j = pj− iπj(x1, x2), j = 1, 2, where πj(x1, x2) =
∂π(x1,x2)
∂xj
. Of course, if, in particular, π(x1, x2) = 0 a.e., then Hπ = H and † = ∗.
The hamiltonian of our QHO is h = 1
2
(−∂21 + ω2x21) + 12(−∂22 + ω2x22). This hamiltonian
is self adjoint in H, h = h†, while it is not self-adjoint in Hπ, h 6= h∗. Introducing, as usual,
aj =
1√
2ω
(ωxj + ipj) =
1√
2ω
(ωxj + ∂j) and bj = a
†
j =
1√
2ω
(ωxj − ∂j) 6= a∗j , we can rewrite h, but
for an unessential constant, as follows
h = ω
(
a†1 a1 + a
†
2 a2
)
= ω (b1 a1 + b2 a2) ,
depending on the Hilbert space we want to use for the analysis of the system. In this section
we use h = ω (b1 a1 + b2 a2) since, as we have already stressed, we are interested in working in
Hπ.
It is clear that the function ϕ0,0(x1, x2) satisfying Assumption 1 of Section II is, except
for a normalization, exactly the standard gaussian: ϕ0,0(x1, x2) = Nϕ e
− 1
2
ω(x2
1
+x2
2
). In fact,
a1ϕ0,0(x1, x2) = a2ϕ0,0(x1, x2) = 0 and b
n1
1 b
n2
2 ϕ0,0(x1, x2) are well defined functions in H ⊂ Hπ
for all n1, n2 ≥ 0. This follows from the fact that bj = a†j , so that
ϕn1,n2(x1, x2) =
Nϕ√
n1!n2!2n1+n2
Hn1(
√
ωx1)Hn2(
√
ωx2)e
− 1
2
ω(x2
1
+x2
2
), (3.1)
where Hn is the n-th Hermite polynomial. For all n1 and n2 these functions belong to H, so
that they also belong to Hπ.
The set Fϕ of these functions is a basis in Hπ: it is clear that the various ϕn1,n2 are linearly
independent. We also know that Fϕ is complete in H, and is actually an o.n. basis for H, for
a certain choice of Nϕ. In order to check that Fϕ is complete in Hπ too, we consider f ∈ Hπ
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satisfying 〈f, ϕn1,n2〉π = 0, ∀n1, n2. Now, since π(x1, x2) ≤ 0 a.e., e2π(x1,x2) ≤ eπ(x1,x2) a.e., so
that feπ ∈ H. In fact
‖f eπ‖2 =
∫ ∫
R2
|f(x1, x2)|2 e2π(x1,x2)dx1 dx2 ≤
∫ ∫
R2
|f(x1, x2)|2 eπ(x1,x2)dx1 dx2 = ‖f‖2π,
which is finite since f ∈ Hπ. Hence, we can write 0 = 〈f, ϕn1,n2〉π = 〈f eπ, ϕn1,n2〉, ∀n1, n2. The
completeness of Fϕ in H implies now that f eπ = 0. Therefore f = 0.
Just a little bit more complicated is the analysis of Assumption 2, since the role of π(x1, x2)
appears already in the definition of the functions ψn1,n2(x1, x2), and not only at the level of the
scalar product. Indeed we have
b∗j =
1√
2ω
(ωxj + πj + ∂j), a
∗
j =
1√
2ω
(ωxj − πj − ∂j).
Notice that, not surprisingly, b∗j = (a
†
j)
∗ 6= aj. The vacuum of b∗j can be easily computed:
Ψ0,0(x1, x2) = NΨ e
− 1
2
ω(x2
1
+x2
2
)−π(x1,x2). A sufficient condition for Ψ0,0 to belong to Hπ is that
π(x1, x2) = (β−ω)(x21+x22), with 0 < β < ω. With this choice, for instance, ‖Ψ0,0‖2π = |NΨ|2 πω .
Moreover, the action of powers of a∗j on Ψ0,0(x1, x2) produces polynomials times an exponential
function, not necessarily decreasing,
Ψn1,n2(x1, x2) = NΨ pn1(x1)qn2(x2)e
(ω
2
−β)(x21+x22),
which are still in Hπ for all n1 and n2, due to the definition of 〈., .〉π. Of course, if π(x1, x2) =
π(x2, x1), for all n we have pn(x) = qn(x), where n is the order of the polynomials. Otherwise
these polynomials may be different. Hence, Assumption 2 is satisfied. In Section III.1, with the
particular choice of β = ω
2
, we will give the details of these polynomials. The functions Ψn1,n2
are linearly independent, clearly. To check that FΨ = {Ψn1,n2} is also complete in Hπ, we begin
noticing that f ∈ Hπ if and only if f e 12π ∈ H: ‖f‖π = ‖f e 12π‖. Secondly, if pn and qm are
polynomials of degree n and m respectively, it is possible to check, [7], that the auxiliary set
Fp = {Pn1,n2(x1, x2) := pn1(x1)qn2(x2)e−
β
2
(x2
1
+x2
2
), nj ≥ 0}, is complete in L2(R2) for all choices
of positive β. Therefore, assuming that 〈f,Ψn1,n2〉π = 0 for all n1 and n2, since
〈f,Ψn1,n2〉π =
∫ ∫
R2
(
f(x1, x2) e
1
2
π(x1,x2)
)
Pn1,n2(x1, x2) dx1 dx2,
we deduce that f(x1, x2) e
1
2
π(x1,x2) = 0 a.e., so that f(x1, x2) = 0 a.e., as expected. Hence, both
Fϕ and FΨ are complete in Hπ.
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III.1 The choice π(x1, x2) = −ω2 (x21 + x22)
Let us now consider what happens if β = ω
2
or, in other words, when π(x1, x2) = −ω2 (x21 + x22).
Of course, nothing changes in Fϕ, since π(x1, x2) plays no role in the definition of ϕn1,n2(x1, x2).
On the other hand, since a∗j =
1√
2ω
(2ω xj − ∂j) and b∗j = 1√2ω∂j , we find
Ψn1,n2(x1, x2) =
NΨ√
n1!n2!2n1+n2
Hn1(
√
ω x1)Hn2(
√
ω x2), (3.2)
where Hn(x) is the n-th Hermite polynomial. Incidentally we observe that Ψn1,n2(x1, x2) /∈ H,
while Ψn1,n2(x1, x2) ∈ Hπ. This remark will be our main motivation for changing Hilbert
space in the analysis of the D2 type of the Calogero model in the next section. Fixing the
normalization Nϕ = NΨ =
√
ω
π
we get 〈ϕn1,n2,Ψm1,m2〉π = δn1,m1δn2,m2 : the two sets are
biorthogonal. They are more than this: they are bases. The proof of this statement is given in
the Appendix.
Using now the summation formula
∑∞
k=0
1
2kk!
Hk(x)Hk(y) =
√
π e
1
2
(x2+y2)δ(x−y), we deduce
the following forms for the intertwining operators Sϕ and SΨ:
(SΨf) (x1, x2) :=
∞∑
n1,n2=0
〈Ψn1,n2, f〉π Ψn1,n2(x1, x2) = e
1
2
ω (x2
1
+x2
2
) f(x1, x2),
while
(Sϕf) (x1, x2) :=
∞∑
n1,n2=0
〈ϕn1,n2, f〉π ϕn1,n2(x1, x2) = e−
1
2
ω (x2
1
+x2
2
) f(x1, x2),
so that they are multiplication operators and Sϕ = S
−1
Ψ , as expected. The operator SΨ is
unbounded on Hπ, while Sϕ turns out to be bounded. Hence, see [1], our pseudo-bosons are
non-regular and, consequently, Fϕ and FΨ are not Riesz bases.
Going back to the general situation, we have hϕn1,n2 = ω(n1 + n2)ϕn1,n2 and h
∗Ψn1,n2 =
ω(n1 + n2)Ψn1,n2, as well as SΨ h = h
∗SΨ. Needless to say, all that we have found here can be
trivially extended to higher dimensions.
The lesson we learn is the following: if L2(RN) is not big enough to deal with a particular
quantum system, we could always try to introduce some weight in the Hilbert space (i.e. to
change the scalar product) in order to enlarge it. The price to pay, which is not an high price, is
that the orthogonal set of eigenstates of a certain self-adjoint operator h = h† must be doubled,
producing two sets of biorthogonal bases, which turn out to be eigenvectors of h and of the
new adjoint of, h, h∗, respectively. These two sets are further mapped one into the other by a
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certain intertwining operator and by its inverse. Stated in different words: the use of pseudo-
hermitian operators, [8, 9], could be related to the necessity of enlarge the Hilbert space where
the physical system needs to be described.
IV The Calogero model in pseudo-bosonic variables
We will now consider the D2 type Calogero model as described in [4]. In particular, their
preliminary analysis will play a crucial role in our treatment. For this reason, their approach
will be quickly reviewed.
The starting point is the following self-adjoint (in H = L2(R2)) hamiltonian
HD =
1
2
2∑
j=1
(−∂2j + ω2x2j)+ ν(ν − 1)
[
1
(x1 − x2)2 +
1
(x1 + x2)2
]
,
where ν > 1
2
, which, putting Ψ0(x1, x2) = |x21 − x22|ν e−
1
2
ω(x2
1
+x2
2
) and E0 = ω(1 + 2ν), produces
H˜D := Ψ
−1
0 (HD − E0)Ψ0 = ωOE −
1
2
OL, (4.1)
where we have introduced the operators OE = x1∂1 + x2∂2, ∇2 = ∂21 + ∂2, X2 = x21 + x22 and
OL = ∇2 + 4ν 1x2
1
−x2
2
(x1∂1 − x2∂2). They satisfy the following commutation relations
[OL, OE] = 2OL, [OE , X
2] = 2X2, [∇2, OE] = 2∇2, [∇2, X2] = 4(OE + 1 ). (4.2)
Let us now put aj =
1√
2ω
(ωxj + ipj), a
†
j =
1√
2ω
(ωxj − ipj), j = 1, 2, and let us introduce, at
least formally, the operator
T = e−
1
4ω
OL e
1
4ω
∇2 e
1
2
ωX2 . (4.3)
Here a†j is the adjoint of aj in L2(R2). The operator T is invertible and we find
T−1H˜DT = ωNˆ =: h, (4.4)
where Nˆ = nˆ1 + nˆ2 = a
†
1a1 + a
†
2a2, [4]. It is interesting to notice that, while HD and h are
self-adjoint, the intermediate hamiltonian H˜D is not. In particular we can check that
H˜†D = −H˜D −∇2 − 4ν
x21 + x
2
2
(x21 − x22)2
− 2ω1 .
This is related first to the fact that the map from HD to H˜D, implemented by Ψ0, is not unitary.
Also, T † 6= T−1: T is a similarity but not an unitary map. Hence, as already discussed in [4],
domain problems arise, since T and T−1 are unbounded.
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Remark:– A similar procedure works also for larger values of N , [4]. In fact, introducing
HD =
1
2
N∑
j=1
(−∂2j + ω2x2j)+ ν(ν − 1) ∑
1≤i<j≤N
[
1
(xi − xj)2 +
1
(xi + xj)2
]
,
Ψ0(x1, x2) =
∏
1≤i<j≤N
|x2i − x2j |ν e−
1
2
ω
∑N
i=1 x
2
i , E0 =
1
2
Nω + νN(N − 1)ω,
and
OE =
N∑
i=1
xi∂i, OL =
N∑
i=1
∂2i + 4ν
∑
1≤i<j≤N
1
x2i − x2j
(xi∂i − xj∂j) ,
we could repeat, with minor differences, the same steps as for N = 2, mapping (non unitarily)
HD into a self-adjoint hamiltonian describing N uncoupled operators.
IV.1 A formal point of view in H
Let us introduce two pairs of operators Aj := TajT
−1 and Bj = Ta
†
jT
−1, j = 1, 2. It is
clear that [Aj , Bk] = δj,k1 , A
†
j 6= Bj. Hence they are pseudo-bosonic operators, not everywhere
defined. Moreover, it is possible to show that, introducing the invertible but, again, not unitary
operator Ω := e−
1
4ω
OL, these operators take the following, simpler, forms:
Aj =
i√
2ω
Ω pj Ω
−1, Bj =
√
2ωΩxj Ω
−1. (4.5)
These formulas show that the pseudo-bosonic operators are (at least, formally) similar to the
original position and momentum operators. The hamiltonian H˜D can be written now as
H˜D = ω(B1A1 +B2A2). (4.6)
The eigenstates of H˜D can be formally constructed quite easily: let ϕ0,0 be a non zero vector
satisfying Ajϕ0,0 = 0, j = 1, 2, and let us define the vectors ϕn1,n2 =
1√
n1!n2!
Bn11 B
n2
2 ϕ0,0, as
in Section II. For the time being, we assume that all these vectors are well defined in H. We
will return on this aspect in a moment. Then we have H˜Dϕn1,n2 = ǫn1,n2ϕn1,n2, where ǫn1,n2 =
ω(n1 + n2). Going on with our formal computations, it is quite easy to find the eigenstates of
H˜†D = ω(A
†
1B
†
1+A
†
2B
†
2). For that it is enough to consider a second ground state Ψ0,0, satisfying
B†jΨ0,0 = 0, j = 1, 2, and to define the vectors Ψn1,n2 =
1√
n1!n2!
(A†1)
n1 (A†2)
n2Ψ0,0. Then
H˜†DΨn1,n2 = ǫn1,n2Ψn1,n2, and the ϕn1,n2’s and Ψn1,n2’s are expected to be mutually orthogonal.
Continuing our formal approach, we could further expect that Fϕ = {ϕn1,n2} and FΨ = {Ψn1,n2}
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are bases of H, but not necessarily Riesz bases. Fϕ and FΨ could be further used to define two
intertwining operators, as discussed in Section II.
However, the situation is not so simple, as already stressed in [4]. For this reason, we devote
the next section to an alternative approach to the system.
IV.2 Back to non-formal computations
Let us consider the hamiltonian h introduced in (4.4). This is the hamiltonian of a two-
dimensional quantum oscillator, and its eigenstates are easily found: these can be written as
Φn1,n2(x1, x2) =
1√
n1!n2!
(a†1)
n1 (a†2)
n2Φ0,0(x1, x2), where ajΦ0,0(x1, x2) = 0, j = 1, 2. Then
hΦn1,n2(x1, x2) = ǫn1,n2Φn1,n2(x1, x2).
Explicitly we have
Φn1,n2(x1, x2) =
1√
n1!n2!2n1+n2
(ω
π
)1/2
Hn1(
√
ω x1)Hn2(
√
ω x2) e
− 1
2
ω(x2
1
+x2
2
),
where, as usual, Hn is the n-th Hermite polynomial. It is now easy to write the functions in
Fϕ is a rather compact form:
ϕn1,n2(x1, x2) = TΦn1,n2(x1, x2) =
(ω
π
)1/2√(2ω)n1+n2
n1!n2!
Ωxn11 x
n2
2 , (4.7)
which reduces, for instance, to ϕ0,0(x1, x2) =
(
ω
π
)1/2
, for n1 = n2 = 0. This already shows that,
contrarily to what assumed previously and in agreement with the results in [4, 5] and references
therein, ϕ0,0(x1, x2) does not belong to L2(R2). It is natural to expect that, also for other values
of n1 and n2, ϕn1,n2(x1, x2) /∈ L2(R2). Moreover, moving from formal to explicit computations,
is even more difficult to deduce the analytic form of the functions Ψn1,n2(x1, x2), and to check
whether they belong or not to H. However, in Section III we have shown in some details that
leaving L2(R2) is not a major disaster, and can produce interesting consequences. This is, in
fact, our point of view now, and we ask the following question: instead of working in L2(R2),
does it exist some different Hilbert space which can be used to deal with H˜D and with its
eigenvectors? The answer is affirmative: the right Hilbert space is HT := D(T−1), the domain
of the operator T−1, endowed with the scalar product 〈f, g〉T := 〈T−1, T−1g〉, f, g ∈ HT 2. It is
2To be more rigorous, T−1 should be a closed operator or, at least, closable. In this case, in fact, we could
use its closed extension to define the Hilbert space.
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clear that ϕn1,n2 ∈ HT , ∀n1, n2. More than this, the set Fϕ is o.n.:
〈ϕn1,n2, ϕm1,m2〉T =
〈
T−1(TΦn1,n2), T
−1(TΦm1,m2)
〉
= 〈Φn1,n2,Φm1,m2〉 = δn1,m1δn2,m2 .
Of course, this implies that the set FΨ coincides with Fϕ itself. This can be seen as a conse-
quence of the uniqueness of the biorthogonal basis for a given basis in a certain Hilbert space.
The fact that ϕn1,n2 = Ψn1,n2 for all n1, n2 may, at a first sight, appear strange, since H˜D 6= H˜†D.
However, this is not so since H˜D turns out to be self-adjoint in HT . In fact, because of (4.4),〈
H˜Df, g
〉
T
=
〈
T−1H˜Df, T
−1g
〉
=
〈
hT−1f, T−1g
〉
=
〈
T−1f, h T−1g
〉
=
=
〈
T−1f, T−1 H˜D g
〉
=
〈
f, H˜D g
〉
T
,
for all f, g ∈ D(H˜D). In a certain sense, this could be considered as a driving idea: whenever a
non selfadjoint hamiltonian Hˆ on H is similar to a self adjoint operator h, or when a (closed and
injective) intertwining operator X relating Hˆ and h does exist, X Hˆ = hX , the natural Hilbert
space where Hˆ lives is not H with its own scalar product, but rather than that HX := D(X)
with a scalar product 〈f, g〉X := 〈Xf,Xg〉, since in this space Hˆ turns out to be self-adjoint.
Remarks:– (1) In [4], the reason why a procedure of symmetrization was used, was to
cancel certain poles in some relevant wave-functions. Changing scalar product may produce
the same effect: for instance, if xˆ is a pole of the third order for a wave function Ψ(x) of our
(one-dimensional) system, it is sufficient to modify the scalar product with a measure containing
(x− xˆ)6 e−x2 , for instance. In this case, in fact, ∫
R
|Ψ(x)|2 (x− xˆ)6 e−x2 dx can be finite.
(2) There exists a simple situation in which it is possible to check that the choice above ofHT
is, in a certain sense, optimal: let T be unbounded with bounded T−1. Of course, this does not
appear to be the case for the Calogero model but may be true for other physical systems. Let us
consider a different Hilbert space, Hα, with scalar product 〈f, g〉α := 〈T αf, T αg〉, f, g ∈ D(T α).
Because of (4.4), the eigenvectors of H˜D are necessarily of the form TΦn1,n2, which belongs to
Hα if α ≤ −1. Due to the uniqueness of the set FΨ, we must have Ψn1,n2 = T−(1+2α)Φn1,n2 and
Ψn1,n2 ∈ Hα if α ≥ −1. In fact, with this choice, 〈Ψn1,n2, ϕm1,m2〉α = δn1,m1δn2,m2 . Hence, the
only choice which allows ϕn1,n2 ,Ψn1,n2 ∈ Hα, is α = −1: we recover our Hilbert space HT .
V Conclusions
We have shown how the QHO could be treated in a weighted L2 space and how this choice pro-
duces an interesting functional structure, where self-adjoint operators are replaced by pseudo-
hermitian operators and where o.n. bases are replaced by biorthogonal sets. This procedure
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can be interesting to enlarge the Hilbert space, so to include more functions, not necessarily
asymptotically decaying, into the game.
Using the D2 type Calogero model we have also shown how the choice of the Hilbert space is
suggested by the hamiltonian of the system, and from possible existing intertwining operators
between this hamiltonian and some related self-adjoint operator. In particular, we have used
this idea to deduce a convenient Hilbert space to be used in the analysis of this model. This
conclusion reflects very much those of our older analysis concerning the quantum dynamics
of quantum systems at an algebraic level, [10], where we have shown how the hamiltonian of
a system determines, by itself, the algebraic and the topological settings to be used for the
analysis of the system.
Of course, it would be interesting to deduce the explicit form of D(T−1) and to prove if T−1
is closable. From this point of view, therefore, the results of Section IV.2 require some extra
mathematical effort. This is work in progress.
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Appendix: Back to the QHO: Fϕ and FΨ are bases for Hπ
We have already seen that Fϕ and FΨ are biorthogonal and complete in Hπ. However, this
does not automatically implies that they are also bases for Hπ, [11, 12], since there could exist
vectors in Hπ which cannot be expanded in terms of the vectors of these sets. However, this
is not the case in our model. In fact, let us define a new set E of functions en1,n2(x1, x2) :=
e−
1
2
π(x1,x2)ϕn1,n2(x1, x2), with ϕn1,n2(x1, x2) as in (3.1). It is easy to check that E is an o.n. basis
for Hπ. It is also clear that each en1,n2 belongs to the domain of T and T−1, en1,n2 ∈ D(T ) ∩
D(T−1). Here T is the following multiplication operator: (Tf)(x1, x2) := e
1
2
π(x1,x2)f(x1, x2), for
each f ∈ D(T ). Hence, since Ten1,n2(x1, x2) = ϕn1,n2(x1, x2) and, for the choice of π(x1, x2)
considered in Section III.1, T−1en1,n2(x1, x2) = Ψn1,n2(x1, x2), with Ψn1,n2 given in (3.2), from
[12] follows our claim: Fϕ and FΨ are bases for Hπ.
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